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ABSTRACT: A new model is presented for the description of the linear viscoelastic behavior of entangled 
linear polymer chaini. The equations are derived by combining the structure of molecular network theory, 
the concept of forced segmental reptation around entanglement junctions, and the reptation description of 
path length. The resulting equations for monodisperse melts show crossover with the Rouse equation at M / M ,  
= 3.21 and crossover with a modified tube diffusion result a t  M / M ,  = 380. Over two decades of molecular 
weight, a result close to  vo - is obtained. The equations also predict a value of J:Go of 2.462 for 
monodisperse melts. An explicit equation for the viscosity of binary blends is obtained, which agrees well 
with the empirical rule T~ - M,'.'. Further comparisons to the steady shear compliance Jeb and loss modulus 
data for binary blends of polybutadiene demonstrate good predictive ability of the complete relaxation spectrum. 
As this thwy describes molecular motions that are imposed by the deformation, it is consistent with self-diffusion 
data showing D - Mz. The quantitative agreement of the two constants with accepted values lends considerable 
support that  the modes of motion described are a realistic description of the molecular dynamics. 

Introduction 
The effect of molecular weight and molecular weight 

distribution on the chain dynamics of entangled linear 
polymer chains has been a subject of intense interest for 
30 years. Since the early Graessley theories,'V2 many ap- 
proaches have been tried to describe the observed behavior. 
It has been well established experimentally that the 
zero-shear viscosity vo can be well_ correlated with the 
weight-average molecular weight M, by the expression 

T~ = KMwa (1) 
where a! varies only slightly from polymer to polymer from 

3.3 to 3.6.3~~ This is generally true for all molecular weights 
above a critical molecular weight, M,, where M, is ap- 
proximately 2Me and Me is the molecular weight between 
entanglements as defined by the shear modulus Go 

Go = pRT/M,  (2) 

where p is the polymer concentration, R is the universal 
gas constant, and T is the temperature. Both the shear 
modulus Go and the steady-state compliance J: are in- 
dependent of molecular weight for monodisperse systems 
above M, and the product J,OGo, which is a measure of the 
breadth of the spectrum of chain motions, is generally 
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Ei = &&iPiVi ( 4 )  

where Eo is the monomeric friction coefficient, Li is the 
number of monomer units in the disengaging segment, Pi 
is the length of the path it follows, and Vi is the relative 
velocity a t  which the segment moves through the matrix. 

Since the viscosity q is just the energy dissipated per unit 
volume divided by the shear rate y ,  we arrive at  

(5) 

where Ni is the number of entanglements per unit volume 
of disengaging length Li. The length of the segment is 
simply 

Li = m i / M o  (6) 

To use the normal definition of the monomeric friction 
coefficient, mi is the molecular weight of the segment and 
Mo is the monomeric molecular weight. 

It is reasonable to assume, as did Graessley2 that the 
disengaging segment will be the smallest of the four that 
are involved in the entanglement, as this will minimize 
energy dissipation. 

It is assumed by eq 6 that all the extra relative velocity 
required to disengage the segment from the entanglement 
locus is taken on by the disengaging segment and that the 
rest of the molecule moves along at  an average velocity 
equal to the locus of its center of gravity. This is a primary 
distinction between what we here call “forced reptation” 
and normal diffusional reptation, which involves the whole 
molecule. It will later be shown that there is a molecular 
weight above which less energy is dissipated by diffusion 
of the whole molecule through its tube than by forced 
segmental reptation but that this molecular weight is 
higher than most experimental data. 

If we treat the entanglement density v as a constant 
independent of molecular weight and let random statistics 
apply to the entanglements, then the distribution of 
shortest segments will be 

NitOLiPi Vi 
q=c 

i i .  

Figure 1. Representation of an entanglement within matrix 
constraints. 

around 2.50. The steady-state compliance shows strong 
effects of polydispersity and is often a critical test for 
theories of molecular weight distribution on chain dy- 
namics. The value of J: increases rapidly with addition 
of a small number of long chains to a short-chain matrix” 
with a maximum at  approximately 

$L = Ms/2.OML (3) 

where Ms and ML are the molecular weights of the short 
and long chains, respectively, and @L is the volume or 
weight fraction of the long chains in the mixture. 

The concept of reptation, first proposed by de Gennes8 
as the primary mode of polymer chain dynamics, has re- 
newed interest in molecular-based descriptions. Notable 
successes are the description of monodisperse diffusion 
data and qualitative predictions of Doi-Edwards tube 
model: which extends the reptation concept to a general 
constitutive equation. Notable failures have been the 
prediction that a in eq 1 is 3.0 and most polydispersity 
effects. 

Recent data on self-diffusion in polydisperse systems’O 
have shown clearly that the diffusion of long chains is 
substantially accelerated in a short-chain matrix. Recently 
introduced concepts of constraint release and tube re- 
ne~a1’l-l~ have been introduced into the tube model 
equations to obtain better predictions for polydisperse 
systems. Although they accomplish this end, none of these 
approaches solves the problem of a = 3.0. It has been 
~uggested’~ that chain-end fluctuations can be the cause 
of higher values of a, but quantitative agreement is not 
good.16 For further background, see a recent review.17 

The general conclusions one can make from the fore- 
going discussion is that monodisperse linear polymers of 
molecular weight greater than M, relax stresses by moving 
along a primary path that has a length scale that is pro- 
portional to molecular weight and this path length is 
strongly affected when this chain is placed in a low mo- 
lecular weight matrix. In this paper, rather than focus on 
chains relaxing through tubes, attention will be focused 
on the entanglement junctions as is done in molecular 
network theory, and the reptational modes required to 
relax the stresses a t  the junctions will be analyzed. 

The Monodisperse Case 
Consider an entanglement junction between two chains 

as shown in Figure 1. Both chains are involved in many 
other entanglements, the number of which can be desig- 
nated as M / M e  where Me is the molecular weight between 
entanglements. It is, of course, these restrictive entan- 
glements that cause the primitive path of the molecular 
motion to be proportional to molecular weight. When the 
material is placed under stress, one possible mode of re- 
laxation is for one of the molecules to reptate around the 
entanglement junction. The energy Ei dissipated by this 
motion is given by 

4.0~$~v(M - 2mi) 
M2 N .  = ( 7 )  

where the total number of junctions is given by 
MI 2 

Nt = 5 N i  dmi = r#~~v 
0 

u is defined by 
v = G o / k T  = p N / M e  (9) 

and N is Avogadro’s number. 
To determine path length, the simplest concept is to 

treat the chain segment mi as a necklace of beads where 
each bead is a random chain of length mi/Ne and Ne is the 
number of effective constraints. Each bead has diameter 
2a (mi/Ne)ll2. The parameter a is defined by the mean- 
square end-to-end distance of a chain segment of length 
Me of the polymer in question. 

The analysis to determine the number of constraining 
entanglements is the same as done at  the main junction. 
At  each junction, one only considers whether the disen- 
gaging segment is longer than the shortest part of the 
crossing molecule. If the crossing molecule has the shorter 
segment, then it does not serve as a constraint to the path 
of the disengaging segment. Therefore, constraint release 
becomes a natural part of the overall theory. 

If the segment is less than M / 2  in length, which is always 
true in the monodisperse case, then the number of effective 
entanglements Ne is just the number of entanglements per 
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As the junction is moving along the chain locus of the 
disengaging segment a t  a rate dV,, the maximum distance 
it can move is 2aMe'l2, as this is the average distance to 
the next junction, which may be pulling in a different 
direction at  a different rate. The only way we can ac- 
complish disentanglement in this manner is for 

+ "X 

4 - t d = - -  - (18) 
2aMe1/2 aMe1I2 

dV, ?ag(iW2 - m1/2) 

Substitution of eq 11, 17, and 18 into eq 13 yields 

amii.[l.O - (mi/M)]1/2(W/2 - 
vi = 6.01/2Me (19) 

For the monodisperse case, eq 6, 7, 12, and 19 can be 
directly substituted into eq 5 and integrated for the vis- 
cosity 

4 

Figure 2. Illustration of an entanglement junction being pulled 
apart in a velocity gradient. 

disengaging segment multiplied by the probability the 
crossing molecule is an effective constraint 

(10) 
mi 
Me 

Ne = -(1.0 - mi/M) 

and the total effective path length P, is 
2ami 

P, = 2 ~ ( m ~ / N , ) l / ~ N ,  = - [1.0 - (mi/M)]1/2 
Me'/2 

and the average path for monomeric units within segment 
mi for insertion in eq 4 will be 

ami[l.O - (mi/M)]1/2 

Me'/2 Pi = (12) 

The velocity term in eq 4 is the term that brings the most 
distinction from the well-known tube model result. The 
velocity can be written as 

vi = P m / t d  (13) 

where P, is the path length of the end of the segment 
defined by eq 11 and td is the time for the disengaging 
segment to clear the junction. It should be clear that it 
is the imposed macroscopic deformation that is causing 
the forced reptation. The situation is as shown in Figure 
2. 

Molecule A and molecule B in Figure 2 are being pulled 
apart because the centers of gravity A, and B, of the two 
molecules are located in different planes where 

and 
dV,(A-B) = 9 dy (14) 

(dy),, = agMA1I2 + agMB1l2 - 2agm?l2 (15) 

where (dy), is the maximum separation of two molecules 
having an entanglement of shortest segment mi. Since dy 
has values from 0 to (dy),, the average is approximately 

dy = ag(iW2 - m1I2) (16) 

The subscript g in eq 15 and 16 indicates that this value 
of a relates to the radius of gyration of the molecule rather 
than end-to-end distance. 

For random chains, we will use the well-known result 
a: = a2/6.0 (17) 

M/2442v[l - 2mi/m 
'O = 1 6.01/2M 

with the result that 

?o = 
0.00149642vfoa2fl.5 

(21) 

Substitution for v from eq 9 yields for a monodisperse melt 

(22) 

It should be clear that the extra 0.5 power in eq 21 and 
22, relative to the tube model predictions, arises because 
the velocity of the forced reptation in eq 19 is proportional 
to Therefore, stresses generated in any linear de- 
formation will be proportional to kP5, although quiescent 
relaxation of those stresses by tube diffusion will only be 
proportional to kPo. 

It is worthwhile to look at  the distribution of relaxation 
times predicted by this theory for this monodisperse case. 
The steady-state compliance is defined as 

Mo(Me) '.' 

qo = 0.001496 (to /Mo)pN(M/Me) 2.5Ma2 

and the upper summation is given by the integral 

M/2442v[1.0 - 2mi/m tom: a2m? a2m? 
X --- 

M Mo2 Me 6Me 

(1 - ~ ~ ~ [ l . O  - (mi/M)1/2]2 dmi (24) 

42vto2a4M7 

M,3M02 
S = 0.00000551 

(26) 
2.462 

(0.001496)2vkT42 Go42 
= -  0.00000551 

J,O = 

so that for a monodisperse melt, this model predicts 

J:Go = 2.462 (27) 

This is right in the range of 1.8-2.8 observed experimen- 
tally and is much closer to the observed average than the 
tube model (1.200) or the Graessley model (1.789). 

The crossover between eq 22 and the Rouse expression 
should occur a t  the critical molecular weight M,. The 
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Rouse expression for velocity in the same nomenclature 
as eq 22 is 

(%))Rouse = O - O ~ ~ ~ P N ( E O / M O ) M ~ ~  (28) 

Equating eq 22 and 28 at M = M, yields 

(M,/Me)2.5 = 18.52 (29) 

and therefore 

M, = 3.21Me (30) 

This agrees quite well with polybutadiene data and that 
of other polymers with low values of Me but is somewhat 
high for polymers with high values of Me like polystyrene. 
This distinction between polymers probably relates to 
random statistics but is beyond the scope of this derivation. 
In practice, one usually knows MJM, so that the prefactor 
in eq 22 can be adjusted and a two-constant model can still 
be obtained. 

There is also a crossover between eq 22 and the well- 
known tube model result. 

(?&tub = O.~O~~~(EO/M~)P~V(M/M~)~M~~ (31) 

If we equate eq 22 to eq 31, the crossover molecular weight 
MFRiD is given by 

(M/Me)0.5 = 69.9 (32) 

MFRjD = 4848Me (33) 

This is higher than any available data. However, the only 
set of datals a t  high values of M/Me indicates crossover 
occurs closer to 500Me. These data also indicate that eq 
31 yields high results. This may be due to constraint 
release12 but a second alternative will be suggested below. 

The distinctions between the tube diffusion result and 
the forced reptation results are better seen if we derive the 
diffusion result in a network theory format. Let us con- 
sider as we did with forced reptation that energy dissi- 
pation will be given by eq 4. To obtain the prefactor in 
eq 31, we need to assume that each entanglement couple 
is made up of two segments of the same length mi. The 
number of junctions of length mi will then be 

Ni = 242u/M (34) 

The path length will still be given by eq 12 and the seg- 
ment velocity will be 

amii.[l.O - (mi/M)]'J2 

Meli2 
vi = (35) 

and as both molecules are allowed to diffuse through the 
tube defined by their entire length 

Li = 2M/Mo (36) 

Substitution of eq 12, 34, 35, and 36 into eq 5 yields 

Macromolecules, Vol. 22, No. 9, 1989 

With the focus on network junctions, two modifications 
to the tube result seem appropriate. First, junctions would 
not consist of equal segment size, so that the path length 
distribution is more appropriately given by eq 7. Second, 
only the diffusion length of the shortest segment is re- 
quired to disengage the junction. Then 

Li = M/Mo (39) 

Substitution of eq 7, 12, 35, and 39 into eq 5 yields 
r . 

which yields 
0. 10416~2u~dMja2 

(38) 

which is identical with eq 31. Although the energy dis- 
sipation is the same, the distribution of relaxation times 
is broader due to the focus on junctions. The quantity JeGo 
is equal to 1.591 for this network formulation. 

MEMO 
170 = 

M/2442v(M - 2mi) 

which yields 
0.02916$2uE@a2 

(41) 

The relaxation time distribution of this result is broader 
still, with JeGo = 2.055. At the least, this seems to be the 
more appropriate result to compare with eq 22. The mo- 
lecular weight MFRID at  crossover between eq 22 and eq 
41 is given by 

MFRp = 379.6Me (42) 

This result is in good agreement with datal6 that show a 
gradual crossover from viscosity proportional to YIP.41 to 
viscosity proportional to M 3 . O  at  ratios of MIM, between 
200 and 2000. On this basis, one could expect the upper 
limit of application of the forced reptation model to be 
about M/Me = 400, but this includes just about all com- 
mercial polymers. 

The formulation of eq 22 and 41 was based on energy 
dissipation. This was intentional because the result dem- 
onstrates that less energy is dissipated by the forced rep- 
tation of segments around the entanglement junctions than 
by coordinated diffusion of the entire molecule along its 
primitive path. It is reasonable to expect that the mech- 
anism of minimum energy dissipation will be the primary 
mode of stress relaxation but that the actual behavior will 
involve elements of both. Figure 3 shows the viscosity data 
of Colby et al.,16 Struglinski and Graessley? and Roovers18 
as plotted by Colby et a1.,16 for monodisperse poly- 
butadiene. Quantitative agreement with eq 22 and 41 is 
excellent. The dash curve in Figure 3 is a combined curve, 
obtained by adding the reciprocals of the viscosities pre- 
dicted by the two mechanisms. For about two decades of 
molecular weight above M,, the combined model can be 
adequately represented by iW4. The polybutadiene data 
also show an increase of about a factor of 10 in q0/@ in 
the reptation regime, which is consistent with eq 22 and 
41. The combined curve could be more accurately calcu- 
lated by allowing long segments to dissipate energy by tube 
diffusion and the short segments to dissipate energy by 
forced reptation. This has not yet been calculated exactly. 

In order to use the forced reptation equations directly 
(ignoring tube diffusion), the best fit to polybutadiene is 
somewhat below the line shown in Figure 3. For the fit 
to the monodisperse and blend data of Struglinski and 
Graessley? we will use from this point on the two constants 
that are consistent with Me = 1733: 

(43) 

(Eo/Mo)a2 = 1.71 X (g cm2)/s (44) 

M a 0  
170 = 

Go = 1.275 X lo7 dyn/cm2 

and 

Using these values, the numerical agreement with the 
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Figure 3. Monodisperse polybutadiene viscosity data at 25 O C 1 6  
plotted as qO/M versus MIM,. Solid lines are predictions from 
Rouse coil motion (eq 28), forced reptation of shortest segment 
(eq 22), reptation through a tube (eq 31), and modified tube 
reptation (eq 41). 

Table I 
Pure-Component Polybutadiene Data at 25 O C 5  

1075: 107~: 
(exptl), (calcd), 

M dexptl) ,  P dcalcd), P cm2/dvn cm2/dvn 
40700 1.35 X 10' 1.49 X lo' 1.8 1.93 
97500 3.10 X lo5 3.18 X lo6 2.0 1.93 
174000 2.95 X lo6 2.41 X lo6 1.8 1.93 
435000 4.80 x 107 5.97 x 107 2.1 1.93 

measured viscosity vo and steady-state compliance J,O of 
the pure-component polybutadienes are shown in Table 
I. 

It is often more convenient to calculate viscoelastic re- 
sponse by using a discrete relaxation function with a set 
of characteristic times (5) and intensities (Gi) of the re- 
laxation modes. The forced reptation concept introduces 
motions under deformation that have no counterpart in 
quiescent relaxation, so that care must be taken when 
applying the results to all experiments. This paper will 
confine its attention to stress states developed under shear 
and to experiments where entanglements pulled apart by 
forced reptation are small enough in number so that the 
memory function of the material is unaffected. We can 
then ignore the distinction and use a set of apparent re- 
laxation times that are not equal to the diffusion times. 
The apparent relaxation spectra are 

442G0(M - 2mi)Am 

M2 (45) Gi = kTNiAm = 

and 

[&&Vi ,$oa2mi2(l.o - mi/M)(iW2 - 
(46) - 

61/2kTMdM,1.5 Ti=-- k T  

and 
ml = (M - Am)/2.0 (47) 

where Am is the spacing of the discrete spectra. 
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Figure 4. Comparison of forced reptation predictions with storage 
and loss modulus data for monodisperse polybutadiene data at 
25 OC.s 

For the calculations reported later for polybutadiene, 
Am was used as Me but random statistics do not preclude 
having segments of noninteger entanglement length 
multiples. Closer spacing is required to get correct sums 
when M / M ,  is less than 20. By use of eq 45-47, the 
standard equations can be used for the linear viscoelastic 
functions. 

The zero-shear viscosity vo is given by 

70 = CGiTi (48) 
I 

The steady-state compliance J,O is given by 

i JeO = - 
(CGiTJ2 

i 

The storage modulus G' is given by 

Gp2$ 
G '=  C 

i (1.0 + w ~ T ? )  

and the loss modulus G" is given by 

(49) 

Figure 4 shows a comparison of the predicted storage and 
loss modulus using the forced reptation equations for Gi 
and T~ and the constants from eq 43 and 44 with the ex- 
perimental data5 for polybutadiene of 435 000 molecular 
weight. Agreement with the shapes of the curves is good 
over the entire frequency range. The predicted spectra 
appear to be only slightly narrower than the experimental 
one. 

Extension to Polydisperse Systems 
Although eq 22 agrees exceptionally well with data for 

the monodisperse case, the real power of this approach is 
displayed by its straightforward extension to polydisperse 
systems. The first item that is changed is the distribution 
of shortest segment lengths. Let us consider for now a 
binary blend of molecules of a long length ML and a short 
length Ms. There now are junctions between two mole- 
cules of length ML, two molecules of length Ms, and Ms 
and ML. For the MS-ML junction, the distribution func- 
tion is changed because now the maximum value of mi is 
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molecules. However, some of the junctions between long 
molecules have a shortest segment that is greater than 
Ms/2.  In this case 

Pi = dL(l.O - m i / M L )  + ~&(0 .25M~/mJ  (57)  

The velocity term is simply adjusted for the blend case as 
the analogous equation to eq 15 for the mixed entangle- 
ment is 

(dy),,, = agML1/2 + a$Ms1J2 - 2a m.Il2 (58) 

Equations 52, 56,57, and 58 can be substituted into eq 5 
and integrated to solve for the viscosity of the blend. To 
simplify matters, the common terms are lumped and la- 
beled B. 

8 '  

B = 4 ~ E ~ a ~ / M d M , 3 / ~  (59) 

Then 

0 0 2  0.4 06 08  i o  

Figure 5. Deviations of the blend viscosity predictions of eq 61 
from the empirical rule T~ - Mw3.6 as a function of volume fraction 
of the high molecular weight component 4~ and the molecular 
weight ratio R. 

Ms/2.  The distribution of shortest segments is 

0L  

as required by a distribution function 

4s ( 1.0 - : i ) ] [ M L 1 / 2  - + MS1I2 - 2m,'l2] dmi + 

(53) 

which is the density of junctions between ML and Ms. 
The average value of the shortest segment length m is 

given by 

1.0- 21 (54) vOb = 770L4L3 1.0 + 1.312- - + 
ML M s  4 L  " 1  

where the first two integrals describe energy dissipation 
related to ML - ML entanglements, the third integral re- 
lates to M s  - ML entanglements, and the fourth integral 
relates to Ms - Ms entanglements. 

Equation 60 can be integrated and rearranged to yield 
a blending rule for viscosity 

Note that M increases from Ms16.0 in a junction between 
two short chains to Ms/4.0 in a junction between a short 
chain and a very long chain. 

The second modification that needs to be made for 
blends is in the path term. The path of a segment m 
depends on the composition of the matrix. If we continue 
to assume that junctions are distributed according to the 
volume fractions of the components, then 

(55) Pi = h ,P i (mi /Md  + W'i(mi/Ms) 

and as mi is always less than Ms/2 
Pi = 4~U.0  - m i / M L )  + &(1.0 - m i / M s )  (56) 

Equation 56 also holds for the junctions between two short 
molecules and some of the junctions between two long 

770s4s3 1.0 + 5.116- (ML/MS) ' I2  + 1 ::[ 
0.0477 - 0.555(MS/M~)"' + 0.094- + 

ML M s  1 
(ML/Ms)l/ '  - 0.238 - l .O23(Ms /M~)~ / '  -t 

MS 
ML 

0.335- + 0.251(Ms/ML)312 - 0 . 0 9 8 3 ( M s / M ~ ) ~  

(61) 

The form of this equation is interesting because it does 
not resemble at all a weight-average blending law. How- 
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Figure 6. Predictions of the reduced steady-state compliance 
(J,/J,O) as a function of blend composition &, and the molecular 
weight ratio R using eq 45, 46, 47, and 49. 

ever, the predictions are much closer than is apparent from 
the form. The predictions of eq 61 are shown in Figure 
5. Below ratios of ML/Ms of 3.0, the predicted viscosity 
of the blend is somewhat below the weight-average 
blending rule for all mixtures. However, the difference is 
never greater than 15%. For mixtures with ML/Ms greater 
than 10.0, the predicted viscosity is greater than the 
weight-average blending rule over most of the composition 
range, with a maximum deviation that increases and occurs 
a t  lower weight fractions as the ratio ML/Ms is increased. 
Comparison with data will be left to the following section. 

Predictions of the steady-state compliance of blends are 
also obtainable from the forced reptation theory. Using 
the blending equations derived in this section and eq 23, 
the integrations can be performed to give a numerical 
blending equation for compliance similar to eq 61 for 
viscosity. The form of this equation is not particularly 
instructive, however, so that calculations of the compliance 
and the storage and loss modulus have all been done by 
using summations of the relaxation spectra. The predicted 
curves of the steady-state compliance of binary blends of 
M L  and Ms are shown in Figure 6. This is plotted on a 
log-log plot to better show the shapes of the curves. The 
predicted curves are given as ratios to the pure component 
so that they are independent of the entanglement molec- 
ular weight and the monomeric friction of the material. 
The same curves apply to all polymers as long as the re- 
laxations of less than one entanglement length can be 
ignored and diffusion through the tube can be ignored. As 
long as both components have a reduced molecular weight 
(MIM,) greater than 5 but less than 500, this should be 
reasonable. The reduced viscosity curves and compliance 
curves for blends are independent of the constants char- 
acteristic of the material, Go and !$‘, as long as all com- 
ponents are in the entangled region. The shapes of these 
curves are similar to many that have been published in the 
literature. Quantitative comparison to data will be left to 
the next section. 
Comparison of Binary Blend Predictions to Data  

Using the equations developed for blends and the two 
constants obtained from pure-component data, all linear 
viscoelastic behavior of blends can be predicted. The 
Struglinski4raessley data for binary butadiene blends are 

104 I I I I I 

0 02 0.4 06 0.8 1 .o 
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Figure 7. Prediction of the viscosities of binary polybutadiene 
blends at 25 O C 5  using eq 61 and the constants from eq 43 and 
44. The points are data from ref 5 for blends 435/41 (o), 435/98 
(O) ,  435/174 (V), and 174/41 (A), and solid lines are predictions. 

focused on here, because all components of their blends 
are well into the entangled regime. Figure 7 shows a 
comparison of the viscosity predictions of eq 60 with the 
experimental data. Agreement is excellent with the shapes 
of the curves of all four of these blends. Most of the 
discrepancies are due to the end points because qo a M3.4 
rather than qo a M3.& for the forced reptation theory. The 
deviations of the Struglinski-Graessley data from the 
weight-average blending rule are shown in Figure 8. These 
were generated by fitting the end points to vo = (MJX and 
calculating the ratios of ( q 0 ) , , / ( ~ , ) ” .  This adjusts for 
deviations of the pure component from exact agreement 
with the rule. The reason for this exercise is to show 
that the shapes of the curves obtained are similar to those 
calculated from the theory in Figure 5. At low ratios of 
ML/Ms, the blends show small negative deviations from 
the weight-average rule, and at ratios of 4.5 and above, they 
show positive deviations, with increasing deviation at  
higher ratios. The location of the experimental maximum 
deviation is similar in volume fraction to the calculated 
one (0.28 and 0.32). 

Figure 9 shows the calculated values for steady-state 
compliance, using the same two constants compared to the 
data of Struglinski and Graessley. The shapes of the 
curves show generally excellent agreement. However, the 
predicted magnitude of the compliance peak is low for both 
the R = 2.5 and R = 4.5 ratios and only shows good 
agreement at R = 10.7. It is not clear why this occurs when 
the predicted blend viscosities are so uniformly good. 

Figures 10 and 11 show the loss modulus data for po- 
lybutadiene blends with the loss modulus on a linear scale 
as plotted in ref 5. This method of plotting hides the 
behavior in the long-time end of the spectrum but shows 
more detail of the shape of the loss peaks. The forced 
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Figure 8. Deviation! of the blend viscosity data of ref 5 from 
empirical rule vo - M," where x is defined by pure-component 
data. Solid lines are drawn through points for comparison to 
Figure 5. 

reptation predictions using the constants from eq 43 and 
44 are shown as the solid lines in Figures 10 and 11. The 
shifts in the frequency and magnitude of the loss peaks 
of the high and low molecular weight components are fairly 
well predicted. The only significant discrepancy between 
the predicted and experimental curves seem to be some 
extra relaxations in the predicted curves in the interme- 
diate frequency range between the two peaks. Errors in 
this region are generally less than 20% but seem to be 
greater than experimental errors. 

Discussion of Results 
In addition to the quantitative description of the poly- 

butadiene blend response, it is of interest to look at  some 
of the limiting cases of behavior that are more easily 
measurable in polystyrene blends. It has consistently been 
observed that the viscosity of dilute solutions of a high 
molecular weight polystyrene in a low molecular weight 
polystyrene can be described by 

(q0b - 4sqOS) a 4L (62) 
It can easily be shown from eq 61 that for the dilute case 

when M L  >> Ms 

10-7 I I 
0.01 0.10 1 .o 

0L 
Figure 9. Prediction of the steady-state compliance of binary 
polybutadiene blends at 25 O C  from ref 5 using eq 45,46,47, and 
49 and the constants from eq 43 and 44. The points are data for 
blends 435141 (O), 435198 (O) ,  43511'74 (V), and 174141 (A), and 
solid lines are predictions. 
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Figure 10. Comparison of predictions of the forced reptation 
model for the loss modulus of binary polybutadiene blends 435141 
at 25 "C to the data from ref 5. 

Ms seen by Watanabe and Kotakalg for dilute solutions 
of a high molecular weight polystyrene in a low molecular 
weight polystyrene with Ms > M,. The measured constant 
in eq 63 appears to be closer to 10 than 5. However, 
because the parametric dependence is right and the 
(ML/Ms)1/2 term comes from the velocity term in the 
forced reptation mechanism, this is further evidence that 
the phenomenological description corresponds to reality. 

The second limiting case of interest is concentrated 
solutions. It has often been cited6I2O that there is a dis- 
tinction between polybutadiene blends where M&2/Ms3 
<< 1.0 and many polystyrene blends where MLM,2/Ms3 > 
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Figure 11. Comparison of predictions of forced reptation model 
for the loss modulus of binary polybutadiene blends 174/41 at 
25 O C  to the data from ref 5. 

1.0. The present theory predicts no distinction between 
these cases for concentrated solutions of ML as long as 
Ms/Me > 6. For the case where Ms/Me > 6 and ML/Ms 
> 10, the theory suggests that 

TLL a (PLML~.~ (64) 
Watanabe and Kotakalg found for polystyrene blends that 

(65) TLL a (PL L 

where values of the exponent decreased from 1.5 for M,/Me 
< 2 to 1.0 for M J M ,  = 3.7. Certainly we would expect that 
blends with a short component less than 2Me would act 
more like dilution with a solvent. For the solvent case, eq 
21 predicts that 

qo a (~3.5M3.5 (66) 

Go a (P2 (67) 

7 a 41.5M3.5 (68) 
which is in agreement with the data quoted above for 
dilution with low molecular weight chains and in agree- 
ment with most data for concentrated solutions in a sol- 
vent. 

The forced reptation equations have been developed by 
using a steady-shear field. This was chosen to elucidate 
the physical mechanism of molecular motion in response 
to a shear field. It should be clear, however, that to gen- 
eralize this concept to a constitutive equation requires 
some new developments because the appropriate strain 
tensor on a micro scale is molecular weight dependent. 
Careful comparison of response during strain to response 
in a static test may help prove or disprove the forced 
reptation concept. 

Summary 
The forced reptation model that phenomenologically 

describes reptation of the shortest segment of an entan- 
glement coupled around the entanglement junction shows 
both qualitative and quantitative agreement with exper- 
imental data on entangled linear polymers. Although this 
model is similar in concept to the Graessley model,2 it is 
distinguished from this model by using a molecular net- 

(1.0-1.5)M 3.5 
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work approach to define the junction length distribution 
and by using reptation with constraint release to define 
the paths and rates of segment motion. This is a two- 
constant model and both constants given by eq 43 and 44 
agree well with generally accepted values. The vast su- 
periority of this model to any other two-constant model 
is taken as evidence that the molecular dynamics described 
is the primary mode of motion over most of the entangled 
region. 

The model suffers from the same difficulty as other 
reptation models in that the primary path length is dif- 
ficult to define quantitatively, although good agreement 
is obtained with polybutadiene data using the root- 
mean-square end-to-end distance of the molecular weight 
between entanglements as the characteristic length. For 
polymers where the ratio M J M ,  is not equal to 3.2, one 
can use Me to determine Go and M ,  to define the friction 
term in the entangled region and then use these values to 
predict all linear viscoelastic behavior of the polymer and 
its blends. 

It should be reasonably clear that this description of 
polymer molecule dynamics in a deformation field is su- 
perposed on the Brownian motion of chains, which occurs 
whether or not the material is being deformed. The mo- 
lecular diffusion follows the well-known M2 dependence 
predicted by reptation theory even when in the region 
where qo - M3.4. An interplay between the velocity field 
imposed dynamics and the Brownian motion only occurs 
in the nonlinear viscoelastic region when entanglements 
are being pulled apart by forced reptation faster than they 
are formed by diffusion. This will be the subject of a 
subsequent paper. 
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